Abstract-The strong compression TFTR discharge has been segmented into regions where linear dynamics can approximate the plasma's interaction with the OH and EF power supply systems. The dynamic equations for these regions are utilized within the linear optimal control theory framework to provide active feedback gains to control the plasma position and current. Methods are developed to analyze and quantitatively evaluate the quality of control in a nonlinear, more realistic simulation. Tests are made of optimal control theory's assumptions and requirements, and the feasibility of this method for TFTR is assessed.
I. INTRODUCTION
PLASMA POSITION and current control is a matter of significant concern for the next generation of large tokamaks. The use of modern optimal control theory provides the most "scientific" basis for determining a feedback control strategy when dealing with complex coupled phenomena in a multi-input/multi-output system. In recent years there have been several attempts [1] - [4] to apply optimal control in a practical sense to large tokamaks. However, an independent analysis of optimal control in tokamaks has not yet emerged.
The objective of this paper is to provide an analysis and evaluation of the robustness of the optimal control approach.
The procedure of gain determination in optimal control theory requires minimization of a performance integral, much as in calculus of variations. However, there are several variables to be minimized and there is no straightforward method Manuscript received November 25, 1981 . This work was supported by the U.S. Department of Energy under Contract DE-AC02-76-CHO-3073.
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for weighting them in the performance integral. Thus, we have the uncomfortable situation in which a multitude of "optimal" gain sets can be determined, some of them quite bizarre! This makes a black box approach to optimal gain determination impossible and discourages its use. By taking cognizance of the differences between the simplified linear dynamics, which is the domain of linear optimal control theory, and the actual experimental situation, with its inherent complexities, much of the confusion can be eliminated. These differences are explored quantitatively by utilizing a modified version of the Plasma-Circuit Interaction Code (PCIC) [5] and comparing these results with those predicted from the linear theory.
An inherent simplification has been made in this work by neglecting the eddy current and power supply dynamics. Eddy currents have been ignored at this stage because for full state feedback they will require measurements in addition to those which directly describe the discharge (i.e., R,R,, I,,Ip). This in turn makes the analysis of the control more complex and ambiguous. Since this first attempt is designed to answer some rather basic questions about optimal control, only the most important poloidal circuits (OH, EF, and plasma) have been incorporated into the model.
II. OPTIMAL CONTROL THEORY
Only a brief introduction to optimal control theory will be presented here. For details, a standard reference [6] can be consulted.
To be amenable to solution by optimal control theory the system dynamics must be represented by (1) 
The optimal control u* is obtained by minimizing the performance index T J-J (XTQX + uTRu) dt (5) subject to the system dynamics (1). Here Q and R are weighting matrices which determine the emphasis placed in controlling the various state variables Q, and on minimizing the amount of control R. The discrete version is obtained from (5) (8) and the procedure used in this work is described in [7] . The continuous problem can be similarly evaluated. It can also be shown [6] that Jmin =XT(to)p(to)X(to) (9) which allows the comparison of various control strategies in terms of their overall effectiveness.
In practice, the performance index is usually written in terms of the measurements Y, since we attempt to minimize the difference between desired and actual response. Hence
where YO and uo are the desired measurement values and the nominal control to achieve them. The feedback is required to overcome modeling errors and perturbations. Specified in this way (10), or its discrete-time counterpart, can be used to numerically evaluate J from experiment or computer simulation.
If there is close agreement with the results Of Jmin from (9) , the linear dynamics of (1) can be assumed to be a valid representation of the actual system.
We will require the measurement set Y be chosen according to two criteria. First, Y must be a good basis set within which the state variables X can be accurately described. Secondly, Y should as much as possible directly describe the discharge and the variables to be controlled. Thus, plasma current and major radius are "direct" variables, whereas power supply currents are "indirect" for our purposes.
Finally, we should consider the costs and benefits of optimal control theory. The main benefits are two. First, as previously mentioned, it is the only way to specify the best overall control for a coupled multivariable system. We obtain the optimal feedback control gains given a set of priorities (the performance index weights). Secondly, optimal control with full state feedback has infinite gain margin and is absolutely stable about the point at which the linear model was derived. It also has at least 60°of phase margin. Therefore, the optimal design will be relatively insensitive to modeling errors and noise. The costs are that we must produce linear models and use full state feedback (one feedback for every state variable). We will examine these assumptions in the following sections.
III. LINEAR CONTROL DYNAMICS
The linear model is comprised of the circuit equations and the Shafranov equilibrium equation [8] . The [2] R1 =w (R,Ip, IEF, {Ik})Il + ag )po (16) Thus, the linear differential equation for perturbations away from IO can be written in the form of (1) [2] , [9] The linear models and resultant computer code were developed in collaboration with R. Gran and M. Rossi of Grumman Aerospace Corporation [1] , [2] . The general optimization codes used in this work were developed by the Grumman Research Department [7] .
IV. PLASMA-CIRCUIT INTERACTION CODE (PCIC)
The linear model is used only to determine the system feedback gains. The actual closed loop control is evaluated and analyzed by utilizing the PCIC in its feedback mode. The physics and engineering models incorporated into the code are fully described in [5] and [9] .
The code models the plasma evolution during the various stages of a specified discharge. It contains the nonlinear coupling between the plasma and external poloidal field circuits assuming instantaneous equilibration with the equilibrium vertical field. A plasma growth model is assumed during startup and toroidal flux conservation after the plasma is fully expanded. A one-dimensional current penetration model produces current profiles and values of li/2, the plasma internal inductance required by the Shafranov equation. Particle and energy transport are simulated by a zero dimensional particle and energy balance model where impurities affect the plasma temperature through their radiative energy loss. These are accounted for by incorporating impurity rate equations into the plasma dynamics. Neutral beam heating is modeled as a series of beam slugs deposited into the plasma, heating as they slow down and become thermalized.
The PCIC may be operated in two modes-"perfect" feedback or real feedback. The "perfect" feedback mode constrains the plasma to behave as ideally desired and computes the required OH and EF power supply currents and voltages. The real feedback mode uses power supply voltages determined from the active feedback to drive the system of coupled plasma-circuit equations. These voltages are reduced if they exceed the characteristic voltage-current limits. Nominal voltages can be determined from "perfect" feedback simulations or from other estimates.
The linear models used in the optimal control work do not compute temperatures, densities, plasma resistance, or go.
Instead, an average plasma resistance is read in as data for each phase of the discharge, and go is modeled according to (12). The resistance and go parameters are determined from "perfect" feedback results.
V. CONTROL DURING PRECOMPRESSION AND NEUTRAL BEAM HEATING As mentioned previously, there is no standard procedure for choosing the weights, Q and R of (5) , in the performance index. Since any number of weighting schemes can be chosen, an almost infinite number of "optimal" gain sets can be determined. The method proposed here ties the performance index weights to the physical control objectives. This is accomplished by normalizing all of the terms in the measurement performance index (10), and specifying the maximum error for each measurement and the desired control authority (feedback voltages). Thus, a small allowable error will produce a large weight and vice versa. Furthermore, we can have derivative, proportional, and integral terms in the performance index, and the weighting will reflect whether instantaneous or long range control is the objective. Except during startup, only proportional and integral terms will be considered since the derivative measurements may be noisy. To compare the computed performance index from PCIC with the theoretical estimate of (9), the plasma was offset +10 cm and the corresponding state variable vector XO computed. The PCIC was then run using the proportional weighted gains and the performance index evaluated by (10). The nominal control voltages were taken from "perfect" feedback simulation. The values of the computed performance index and the theoretical were almost identical, suggesting the viability of the linear model for this phase.
To test whether optimal control gains are optimal in a more complex and nonlinear model, the gains were varied one at a time in PCIC and the performance index with proportional weighting evaluated numerically. The nominal voltages were set to zero, to emphasize the feedback component, and the simulation run through the neutral beam region. Note that the optimal control theory gain is optimal in PCIC.
The asymmetry in the total curve is due to the increased con- trol authority (oscillations) with large gain. A characteristic of linear optimal control which has no analog in classical control is the coupling between the various controlled variables. This comes about by incorporating the coupled system dynamics into the gain matrix, (7). An important question to ask is whether this coupling provides any benefits in a more realistic model. This was examined by giving the plasma an initial +10 cm offset and computing the error in position as a function of time. This hypothetical experiment assumes the limiter is not in place and the plasma can expand freely, conserving toroidal flux. Nominal voltages were taken from "perfect" feedback and both sets of gains were utilized in PCIC as shown in Fig. 4 . As would be expected, the proportional weighted gain set is superior to the integral weighted set in bringing the plasma back to its original position. However, when OH feedback is removed, the performances of both sets worsen. To evaluate the feedback during neutral beam heating PCIC was run from the beginning to the end of the phase (just prior to compression) with the nominal voltages set to zero. Fig. 5 To check the overall quality and sensitivity of the control system, various gain sets were utilized in PCIC feedback simulation runs to evaluate the proportional weighted performance index as a function of measurement variance u. Fig. 10 is a plot of this performance index Jp versus a(R) for proportional weighted, integral weighted, and integral weighted with preprogrammed OH. The measurement part of Jp and the total performance index are indicated for each gain set. The difference between the two curves is a measure of how much control authority is required. Fig. 10 indicates that the integral weighted set produces the worst overall control, but with preprogrammed OH it produces the best. The measurement part of Jp from the proportional weighted gains shows good behavior although it starts to degrade more quickly with increasing u(R) than does the integral weighted sets. However, the total performance index for the proportional weighted set is initially large and grows very rapidly with a(R) until it has almost the same value as the index for the integral weighted gains. Thus, the proportional weighted feedback requires considerable control authority which quickly increases with uncertainty in R. Specifically, the EF voltage is oscillating. This is not an attractive mode of control. We would much rather see consistent changes in power supply voltage. The behavior is typical of a higher (proportional) gain system and suggests that in regions where position is poorly determined more integral and less proportional control may be required.
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A similar analysis has incorporated measurement uncertainty 
VI. CONTROL AFTER COMPRESSION
The major control objective after compression is to halt the plasma motion and maintain its position and current. Of course, to brake the plasma an initial nominal voltage is required. This has been accomplished and is described in detail in [2] . A problem in this phase is that to produce the required Bv a large EF current is required, which drastically limits the EF voltage according to the current-voltage characteristics of the power supplies [5] .
The control gains were determined by utilizing the precompression model and linearizing the equations just after compression. The discrete time gains are listed in Table II . The performance index weights were the same as the proportional weighting in precompression, Table I . The control was evaluated in the PCIC by initially offsetting the plasm, position +10 cm and using nominal voltages from "perfect" feedback. the precompression region, Fig. 4 . This is because the required EF voltage is greater than available for the first 6 ms. The final plasma current is 3 percent too high with OH feedback and 10 percent too high without. The sensitivity to measurement uncertainty is examined in Figs. 14 and 15 where the evaluated performance index is plotted as a function of a(R) and a(Ip), respectively. Fig. 14 indicates a small preference for including OH feedback, although both indexes increase at about the same rate as a(R) increases. Also, both require significantly more control authority as a(R) becomes greater than 1 cm. Fig. 15 shows that again measurement control is somewhat better when OH feedback is included. However, its control The post-compression feedback shows a slight preference for coupled OH and EF control. But, since the OH feedback contributes little to the position control, except for the small dc error, it may prove worthwhile to consider integral weighting for Ip and proportional weighting for R.
VII. CONTROL DURING STARTUP
Startup poses its own special control problems with an expanding plasma and rapidly increasing current. The objective is to increase the plasma current while maintaining the safety factor q, -3 at the limiter [5] . This The EF gains were first tested for optimality in PCIC by varying the R gain and evaluating the performance index, Fig. 16 . For all of the startup runs nominal voltages were taken from "perfect" feedback results. Fig. 16 To test the actual control, a time history of the safety factor q was evaluated at the limiter in feedback simulation with and without an initial +10 cm offset, Fig. 17 . Here the limiter does come into play as it reduces the plasma minor radius according to the growth model. The desired q(a) is 3.0, and its deviation without an initial offset is due to the discrete control. The recovery from a +10 cm offset takes about 20 ms and still does not fully return to the desired q value. This points to the difficulty of control during startup.
The feedback sensitivity to measurement uncertainty and time delay is shown in Fig. 18 , where the PCIC evaluated performance index is plotted as a function of a(R), vr(R), and time delay. Measurement uncertainty in R is not very significant, but the performance index rises very sharply with a(R). This should be taken into account when considering magnetic loop measurements of R since eddy currents may make them noisy. On the other hand, time delay does play an impor- VIII. CONTROL DURING TERMINATION During termination the objective is to maintain the plasma position as the plasma current is quickly decreased by reversing the OH current. Therefore, we need only concern ourselves with control of the EF power supply. The measurement set R, Ip,, fR dt has been utilized in this region and Table   IV lists the gains.
The position control was tested by initially offsetting R by +10 cm and evaluating the position error, AR, time history (Fig. 19) . Nominal voltages were taken from "perfect" feedback. The error comes down to zero within 10 ms, but then overshoots to 2 cm. From here the error is smoothly and gradually (15 ms) brought to zero without further oscillation. With a -10-kV nominal dc EF voltage and no initial offset the maximum error is +2 cm and the a-verage less than 0.5 cm. During this phase the EF voltage ranges from -8.8 kV to -1.4 kV in the "perfect" feedback simulation, so active feedback is significant. These results are within design criteria and could of course be improved by a time varying nominal voltage.
The sensitivity of the feedback to measurement uncertainty and time delay is indicated in Fig. 20 where the PCIC evaluated performance index dependence on a(R), u(Ip), and time delay is plotted. Time delay has little effect on the achievable control, but does contribute to control authority. However, increasing the time delay from 1 to 3 ms has minor consequences. Measurement uncertainty in R and Ip causes similar increases in both the measurement and total performance index, with the increase especially sharp after the variance is doubled. Somewhat more control authority is required for the same measurement control with uncertainty in R as opposed to Ip . This effect is also much greater as the variance doubles.
IX. CONCLUSIONS
The major objective of this work has been to evaluate the use of modern optimal control theory for active feedback control of plasma position and current in TFTR. For simplicity, eddy currents were not considered in the present study. It The results of the above procedures are the following: 1) The linear model provides a good description of the closed loop dynamics.
2) Linear optimal control gains are "optimal" in the nonlinear and more realistic PCIC. 3) Accurate plasma position control requires good plasma current control. 
